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Abstract
We introduce a new notion of commutator which depends on a choice of subvariety in any variety of Ω -groups. We prove that
this notion encompasses Higgins’s commutator, Fro¨hlich’s central extensions and the Peiffer commutator of precrossed modules.
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0. Introduction
A variety of Ω -groups [11] is a variety which has amongst its operations and identities those of the variety of groups
but has no more than one constant. Examples are: the varieties of groups, (non unital) rings, commutative algebras,
crossed modules and precrossed modules. In any variety of Ω -groups a notion of commutator exists, introduced by
Higgins [11], which has as particular cases the ordinary commutators of groups and rings, amongst others.
In any variety A, an algebra A is called an abelian algebra if it can be endowed with an internal group structure.
The subvariety of all abelian algebras inA will be denoted byAAb. IfA is a variety of Ω -groups then, for any A ∈ A,
A is abelian if and only if the group operation on A defines a homomorphism A × A → A. Higgins’s commutator
characterizes AAb in the following way: for any A ∈ A, the commutator [A, A] is {1} (the terminal algebra) if and
only if A ∈ AAb.
An ideal N of an Ω -group A is a subalgebra of A which is the kernel of some homomorphism A → B. For such an
ideal N , the quotient set A/N admits a canonical Ω -group structure. The corresponding inclusion N → A is called an
extension. In [8] Fro¨hlich introduced the following notion of central extension relative to a choice of subvariety B ≤ A
in any variety of Ω -groups A: an extension of Ω -groups N → A is a B-central extension if there is in A only one
element of the form v(na)v(a)−1, with v ∈ W , n ∈ N and a ∈ A, namely, the unit 1. The ordinary central extensions
of groups and of rings are particular cases of this notion. Furthermore, it is such that for any Ω -group A ∈ A, the
identity A → A is a (B-) central extension if and only if A ∈ B. Furthermore, if B = AAb then an extension N → A
is an AAb-central extension if and only if [N , A] = {1}.
In this paper we will define a new notion of commutator in any variety of Ω -groups A relative to a choice of
subvariety B ≤ A in such a way that it will characterize B (resp. the B-central extensions) in the same way as
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Higgins’s commutator characterizesAAb (resp. theAAb-central extensions). More precisely, for any A ∈ A, A is in B
if and only if the (B-)commutator [A, A]B is {1}; and, an extension N → A will be a B-central extension if and only
if [N , A]B = {1}. Higgins’s commutator will be the particular case where B = AAb.
We will now give an example of a well known commutator in a variety of Ω -groups which is not a particular case
of Higgins’s commutator but will turn out to be a particular case of ours.
Recall that a precrossed module (C,G, ∂) is a group homomorphism ∂ : C → G equipped with a (left) group
action of G on C , such that
∂(
gc) = g∂(c)g−1
for all g ∈ G and c ∈ C . A morphism of precrossed modules f : (C,G, ∂) → (D, H, ) is a pair of group
homomorphisms f1 : C → D and f0 : G → H which preserve the action and are such that  ◦ f1 = f0 ◦ ∂ . We write
PXMod for the category of precrossed modules and XMod for the category of crossed modules, where this latter is
the full subcategory of PXMod whose objects (C,G, ∂) satisfy the condition
∂(c)c′ = cc′c−1
for all c, c′ ∈ C . This identity is often called the Peiffer identity.
Also recall that a precrossed submodule of a precrossed module (C,G, ∂) is a precrossed module (K , S, κ) such
that K and S are, respectively, subgroups of C and G, and such that the action of S on K is a restriction of the action
of G on C and κ a restriction of ∂ (in this case, we will erroneously write ∂ instead of κ). (K , S, ∂) is a normal
precrossed submodule of (C,G, ∂) if, furthermore, K and S are, respectively, normal subgroups of C and G, and, for
all c ∈ C, g ∈ G, k ∈ K , s ∈ S, one has gk ∈ K and sc c−1 ∈ K . This is exactly the case when (K , S, ∂) is the kernel
of some morphism (C,G, ∂) → (D, H, ).
Let (C,G, ∂) be a precrossed module. The Peiffer commutator of two normal precrossed submodules (K , S, ∂)
and (L , T, ∂) of (C,G, ∂) is the normal subgroup of the group K ∨ L , generated by the Peiffer elements 〈k, l〉 =
klk−1(∂kl)−1 and 〈l, k〉 = lkl−1(∂lk)−1, with k ∈ K and l ∈ L . We will denote it by 〈(K , S, ∂), (L , T, ∂)〉.1
Note that although 〈(K , S, ∂), (L , T, ∂)〉 is usually considered a subgroup of K ∨ L , it could as well be considered
a precrossed submodule of (K ∨ L , S ∨ T, ∂) = (K , S, ∂) ∨ (L , T, ∂); namely, the normal precrossed submodule
(〈(K , S, ∂), (L , T, ∂)〉, {1}, ∂). We will adopt this point of view in Proposition 2.3.
It is well known that the category of precrossed modules is equivalent to a variety of Ω -groups (see, e.g., [16]
or [17]). This allows us to compare the Peiffer commutator with Higgins’s commutator in this particular variety.
Since for any precrossed module (C,G, ∂), 〈(C,G, ∂), (C,G, ∂)〉 = {1} if and only if (C,G, ∂) is a crossed module
and because PXModAb 6= XMod, the two commutators cannot be the same. An explicit description of the abelian
precrossed modules can be found, for example, in [1]. However, in Proposition 2.3 we will prove that the Peiffer
commutator is a particular case of the commutator introduced in this paper.
It is worth mentioning that the commutator of universal algebra introduced by Smith [20] does not coincide with
Higgins’s commutator and, consequently, is not a particular case of the commutator introduced in this paper: although
in any variety of Ω -groups A, for any A ∈ A and any ideal N of A,
[A, A] = {1} ⇔ [RN , RN ] = ∆A ⇔ A ∈ AAb,
where [A, A] denotes Higgins’s commutator, [RN , RN ] is Smith’s commutator of the kernel equivalence relation of
the quotient A → A/N , and ∆A is the smallest equivalence relation on A, the implication
[M, N ] = {1} ⇒ [RM , RN ] = ∆A
does not necessarily hold in A for all A ∈ A and all ideals M and N of A. A counterexample is given in [3] in the
variety of digroups. However, the induced notions of central extension do coincide [10].
1 Note that the Peiffer commutator is often defined as an ordinary subgroup of C . However, defining it as a normal subgroup (of K ∨ L) gives
the commutator better properties and simplifies the comparison with other notions. Defining it as a normal subgroup of K ∨ L and not a normal
subgroup of C is natural, since defining it otherwise would yield the following ambiguous situation: suppose (A′,G′, ∂) is a precrossed submodule
of (A,G, ∂), and (K , S, ∂) and (L , T, ∂) normal precrossed submodules of both (A,G, ∂) and (A′,G′, ∂), then calculating the Peiffer commutator
〈(K , S, ∂), (L , T, ∂)〉 as a normal subgroup of A or as a normal subgroup of A′ could give different results.
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Wewould like to refer the reader interested in Fro¨hlich’s theory of central extensions and the related subject of Baer
invariants to the work of Lue [18] and Furtado-Coelho [9], who further developed this theory. A categorical version
of the notion of central extension was introduced by Janelidze and Kelly [14], as an application of the categorical
Galois theory developed by Janelidze [13]. For a generalization of the theory of Baer invariants to the context of
semi-abelian categories [15], we refer to Everaert and Van der Linden’s papers [6] and [7]. Closely related to the
present paper, in [5], Everaert and Gran characterize the central extensions of internal precrossed modules over a fixed
algebra B in a semi-abelian varietyA, with respect to the subcategory of internal crossed modules inA over B. In the
particular case where A is the variety of groups, this characterization is in terms of the Peiffer commutator. Already
in [12], Huq introduced a categorical notion of commutator which, more recently, was generalized to regular Mal’tsev
categories [4] by Bourn in [2]. In varieties of Ω -groups, Higgins’s commutator is easily seen to be equivalent to this
commutator.
1. Definition and basic properties
For brevity, we will denote finite ordered sets (x1, x2, . . . , xr ), (a1, a2, . . . , as), . . . by symbols x, a, . . . and write
f (x) for f (x1, x2, . . . , xr ), f (x, y) for f (x1, . . . , xr , y1, . . . , ys), etc. Instead of (x1y1, x2y2, . . . , xr yr )we shall write
xy. Furthermore, a1, a2, . . . , as ∈ A will be abbreviated to a ∈ A. Also, if 1 denotes the unit of a group operation, we
shall write 1 instead of (1, 1, . . . , 1).
Throughout this paper, A will be a variety of Ω -groups.
Whenever we use the word group (resp. subgroup or homomorphism), it is understood that we meanΩ -group (resp.
Ω -subgroup or homomorphism of Ω -groups), unless it is stated otherwise.
Now, let B be a subvariety ofA; then B is completely determined by a set of identities of terms. SinceA is a variety
of Ω -groups, all these identities are of the form v(x) = 1 and the corresponding terms v(x) constitute a group
W = WB = {v(x) | v(b) = 1,∀B ∈ B,∀b ∈ B}
(a subgroup of the group of terms FA(N), the free Ω -group of A on a countable set). Of course, B ∈ B if and only if
v(b) = 1 for all v ∈ W and b ∈ B.
Let us now introduce a new notion of commutator, which will be the object of study in this paper.
Definition 1.1. For any Ω -group A ∈ A and ideals M, N of A, the commutator [M, N ]B is the ideal of H = M ∨ N
generated by the set
{v(mn)v(n)−1v(m)−1, v(p) | v ∈ W,m ∈ M,n ∈ N , p ∈ M ∧ N }.
We will sometimes abbreviate the term v(xy)v(y)−1v(x)−1 to cv(x, y) and write CB(M, N ) for the ideal of M ∨ N
generated by the set
{cv(m,n) | v ∈ W,m ∈ M,n ∈ N }.
Proposition 1.2. For any Ω -group A ∈ A and ideals M, N , N ′ of A, one has:
1. [A, A]B = {1} ⇔ A ∈ B;
2. [M, N ]B = [N ,M]B;
3. [M, N ]B ≤ M ∧ N;
4. N ≤ N ′ ⇒ [M, N ]B ≤ [M, N ′]B;
5. Universal property: if q = q[M,N ]B : H = M ∨ N → H/[M, N ]B is the canonical quotient, then[q(M), q(N )]B = {1}, where q(M) and q(N ) denote the direct images along q of the subgroups M and N,
respectively; moreover, [M, N ]B is the smallest ideal I of H such that qI has this property.
Proof. 1 follows readily from the definition. In order to prove 2, we show that v(nm)v(m)−1v(n)−1 = cv(n,m) ∈
[M, N ]B, for all v ∈ W , m ∈ M and n ∈ N . We have:
cv(n,m) = cv(m,m−1nm)v(m)v(m−1nm)v(m)−1v(n)−1
= cv(m,m−1nm)v(m)cv(m−1nmn−1,n)v(m−1nmn−1)v(n)v(m)−1v(n)−1.
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Since [M, N ]B is an ideal of H , it suffices to observe that cv(m,m−1nm), cv(m−1nmn−1,n),
v(m−1nmn−1), v(m)v(n)v(m)−1v(n)−1 ∈ [M, N ]B. In order to see that this last term is indeed in [M, N ]B, let
us abbreviate the term v(x)v(y)v(x)−1v(y)−1 to w(x, y). Then, of course, w ∈ W , and, consequently,
w(m,n) = w((m, 1)(1,n))
= w((m, 1)(1,n))w(1,n)−1w(1,m)−1 = cw((m, 1), (1,n)).
Hence, w(m,n) is in [M, N ]B.
Since M and N are ideals of H , 3 follows from the obvious identities
[M, N ]B ∨ M
M
= {1} = [M, N ]B ∨ N
N
.
Statement 4 is an immediate consequence of the definition.
It follows from 3 that [q(M), q(N )]B = q[M, N ]B = {1}. Proving the second part of statement 5 is
straightforward. 
It is worth mentioning two negative results: the commutator defined above does not preserve binary joins, i.e., in
general,
[M, N1 ∨ N2]B 6= [M, N1]B ∨ [M, N2]B;
furthermore, the commutator is not preserved by surjective images, i.e., in general,
p([M, N ]B) 6= [p(M), p(N )]B
(with p : A → B a surjective homomorphism). Let us give a counterexample to the first property:
Counterexample 1.3. Suppose A is the variety of commutative, not necessarily unital, rings and B the subvariety
determined by the identity v0(x) = x3 = 0; let R be the free commutative ring generated by three elements a1,
a2 and b, R1 the ideal generated by a1 and b, R2 the ideal generated by a2 and b, S the ideal (of R) generated
by b, and I the ideal generated by a21 , a
2
2 and b
2. Then, for every r1 ∈ R1, r2 ∈ R2 and s ∈ S, we have
v0(s + r1), v0(r1), v0(r2), v0(s) ∈ I hence v(s + r1) − v(r1) − v(s) ∈ I and v(s + r2) − v(r2) − v(s) ∈ I , for
every v ∈ W . On the other hand, v0(b + a1 + a2)− v0(a1 + a2)− v0(b) 6∈ I . Consequently[
S ∨ I
I
,
R1 ∨ I
I
]
B
= {0} =
[
S ∨ I
I
,
R2 ∨ I
I
]
B
but [
S ∨ I
I
,
R1 ∨ R2 ∨ I
I
]
B
6= {0}.
Let us now take a closer look at the second (false) property. Suppose B is a subvariety of A such that the
corresponding commutator is preserved by surjective images. In this situation, it is readily seen that B ≥ AAb. Indeed,
suppose that the commutator is preserved by surjective images and A ∈ AAb. In this case, the group operation on A
defines a (surjective) homomorphism m : A × A → A. Consequently,
[A, A]B = [m(A × {1}),m({1} × A)]B = m([A × {1}, {1} × A]B)
≤ m(A × {1} ∧ {1} × A) = {1}.
It follows that A ∈ B.
However, the converse is not true: the condition B ≥ AAb does not imply that the commutator corresponding
to B is preserved by surjective images. In Proposition 1.5 we will give a necessary and sufficient condition on the
subvariety B for this property to hold. Before proving this proposition, we must recall some terminology from [11].
Suppose t (x, y) is a term in two disjoint sets of indeterminates x and y. It is called an ideal term in x and y, if
t (1, y) = 1. For any subsets M and N of a group A ∈ A, MN denotes the set
{t (m,n) | t (x, y) an ideal term in x and y,m ∈ M,n ∈ N }.
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MN is always an ideal of M ∨ N (where this latter denotes the subgroup of A generated by M ∪ N ). In fact, it is the
ideal of M∨N generated by M . Furthermore, if p : A → B is a surjective homomorphism, then p(MN ) = p(M)p(N ).
A term t (x, y) in two disjoint sets of indeterminates x and y is called a commutator term in x and y if it is both an ideal
word in x and y, and in y and x.
Lemma 1.4. Let F(X) and F(Y ) be free Ω -groups in A on disjoint sets X and Y . Then
[F(X)F(Y ), F(Y )F(X)]B = CB(F(X)F(Y ), F(Y )F(X)).
Proof. One inequality follows from the definition of the commutator. We prove the other one.
Suppose v ∈ W and t1(x1, y1), . . . , tn(xn, yn) ∈ F(X)F(Y ) ∧ F(Y )F(X) = XY ∧ Y X (with xi ∈ X and yi ∈ Y
for all i : 1 . . . n); then each ti (xi , yi ) is a commutator term in xi and yi . Consequently, if we write t(x, y) for
t1(x1, y1), . . . , tn(xn, yn), and vt(x, y) for v(t(x, y)), we have
v(t(x, y)) = v(t((x, 1)(1, y)))v(t(1, y))−1v(t(x, 1))−1
= cvt((x, 1), (1, y)) ∈ CB(F(X)F(Y ), F(Y )F(X)). 
Proposition 1.5. For any subvariety B ≤ A, the following conditions are equivalent:
1. for all surjective homomorphisms p : A → B in A and ideals M and N of A,
p([M, N ]B) = [p(M), p(N )]B;
2. for all A ∈ A, CB(A, A) = {v(a) | v ∈ W, a ∈ A}.
Proof. Suppose 1 holds. In order to prove 2, it is sufficient to show that [A, A]B = CB(A, A) for all A ∈ A.
Suppose A ∈ A. Let us write F(A) for the free group in A on the underlying set of A. Furthermore, let us denote by
F(A)
∐
F(A) the coproduct (the free product) of F(A) with itself and by {1}∐ F(A) and F(A)∐{1} the subgroups
of F(A)
∐
F(A) induced by the inclusion of {1} into F(A) and the identity on F(A). From Lemma 1.4 it follows that[(
F(A)
∐
{1}
)({1}∐ F(A))
,
(
{1}
∐
F(A)
)(F(A)∐{1})]
B
= CB
((
F(A)
∐
{1}
)({1}∐ F(A))
,
(
{1}
∐
F(A)
)(F(A)∐{1}))
.
By assumption, the commutator is preserved by surjective images. Furthermore, it is readily seen that this is also the
case for CB(·, ·). Let us write A for the unique homomorphism F(A) → A that sends each a ∈ A to itself, and
(1F(A), 1F(A)) for the codiagonal F(A)
∐
F(A) → F(A). Then, applying A ◦ (1F(A), 1F(A)) to the identity above
yields [A, A]B = CB(A, A).
In order to see that 2 implies 1, it suffices to note that when 2 holds, the definition of the commutator simplifies to
[M, N ]B = CB(M, N ),
for all A ∈ A and ideals M, N of A. It has been remarked above that CB(·, ·) is preserved by surjective images. 
We will now give an example of a subvariety B of a variety of Ω -groups A that does not satisfy the conditions of
Proposition 1.5, while B ≥ AAb.
Counterexample 1.6. Suppose A is the variety of commutative, not necessarily unital, rings and B the subvariety
determined by the identity v0(x) = x2 = 0. It is well known that in this case AAb is determined by the identity
w0(x, y) = xy = 0. Hence, one clearly has B ≥ AAb.
On the other hand, let R be the free commutative ring generated by one element a. Obviously, a2 ∈ [R, R]B.
We will show that it is not in CB(R, R). Note that each term in W is an additive sum of terms of the same form as
v0(x) and terms of the same form as vt (x, x) = x2t (x), for any term t . For any terms t (x) and u(y), let us write
t + u = (t + u)(x, y) for the term t (x)+ u(y). We have
ct+u((x, y), (x′, y′)) = ct (x, x′)+ cu(y, y′),
6 T. Everaert / Journal of Pure and Applied Algebra 210 (2007) 1–10
hence, CB(R, R) is the ideal of R generated by the sets
{cv0(r, r ′) | r, r ′ ∈ R}
and
{cvt ((r, r), (r ′, r′)) | t a term, r, r ′, r, r′ ∈ R}.
It is easily seen that the first of these sets is contained in the ideal of R generated by a2 + a2 and the second one in
the ideal generated by a3. Consequently, a2 6∈ CB(R, R).
2. Particular cases
2.1. Higgins’s commutator
In [11] Higgins defined a notion of commutator of Ω -groups, which can be characterized as follows ([11] Lemmas
2.2(i) and 4.1): for any two ideals M and N of an Ω -group A, the commutator of M and N , denoted by [M, N ], is the
ideal of H = M ∨ N generated by the set
{ f (mn) f (n)−1 f (m)−1 | f a term,m ∈ M,n ∈ N }.
Since an Ω -group A is an abelian Ω -group if and only if [A, A] = {1}, the subvariety AAb is determined by the
identities f (xy) = f (x) f (y), for every term f . It is then readily seen that [A, A]AAb = [A, A].
We will now prove that this identity holds in general, for any two ideals M and N of an Ω -group A ∈ A.
Proposition 2.1. If B is the subvariety of all abelian groups, then the commutator defined in Definition 1.1 is just
Higgins’s commutator of Ω -groups.
Proof. In order to prove [M, N ]AAb ≤ [M, N ], we must prove that v(p) ∈ [M, N ], for all v ∈ W and p ∈ M ∧ N .
This follows from the monotony of Higgins’s commutator. Indeed,
v(p) ∈ [M ∧ N ,M ∧ N ]AAb = [M ∧ N ,M ∧ N ] ≤ [M, N ].
In order to prove the other inclusion, we associate with every term f (x) a term c f (y, z) = f (yz) f (z)−1 f (y)−1.
Then c f ∈ W and, for all m ∈ M and n ∈ N , we have:
f (mn) f (n)−1 f (m)−1 = c f (m,n) = c f ((m, 1)(1,n))
= c f ((m, 1)(1,n))c f (1,n)−1c f (m, 1)−1 ∈ [M, N ]AAb . 
As a corollary of the previous proposition, we get that the classical commutators of groups and rings, amongst
others, are particular cases of the commutator introduced in this paper.
Note that (the second part of) the proof of Proposition 2.1 implies also that CB(A, A) = {v(a)|v ∈ W, a ∈ A},
for every A ∈ A. This is condition 2 of Proposition 1.5. Thus, as a corollary, we get that Higgins’s commutator is
preserved by surjective images. This, of course, comes as no surprise.
2.2. Fro¨hlich’s central extensions
As recalled in the introduction, Fro¨hlich defined in [8] a notion of central extension in any category of Ω -groups
A, depending on a chosen subvariety of A. In this subsection, we will show that this notion can be expressed in terms
of our commutator, similar, e.g., to the situation in groups, where the central extensions can be characterized in terms
of the ordinary group commutator.
Proposition 2.2. An extension N → A in A is a B-central extension in the sense of Fro¨hlich if and only if
[N , A]B = {1}.
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Proof. Suppose N → A is a B-central extension and suppose v ∈ W . We must prove that v(n) = 1 =
v(na)v(a)−1v(n)−1 for all n ∈ N and a ∈ A. Using the centrality twice, we first get v(n) = v(n1)v(1)−1 = 1,
and then v(na)v(a)−1v(n)−1 = 11 = 1.
If, conversely, [N , A]B = 1, then v(na)v(a)−1 = v(na)v(a)−1v(n)−1 = 1, for all v ∈ W , n ∈ N and a ∈ A, i.e.
N → A is a B-central extension. 
It is also readily seen that [N , A]B is just Fro¨hlich’s [8] V1 of the extension N → A (or, using Furtado-Coelho’s
[9] notation, V1(N |A)).
2.3. The Peiffer commutator
As recalled in the introduction, the category of precrossed modules is equivalent to a variety of Ω -groups (see,
e.g., [16] or [17]). In fact, it is equivalent to the variety whose theory consists, in addition to the group operation,
the unit 1 and the inversion (·)−1, of two 1-ary operations d and c, which satisfy the identities d(xy) = d(x)d(y),
d(1) = 1, c(xy) = c(x)c(y), c(1) = 1, d ◦ d = c ◦ d = d and d ◦ c = c ◦ c = c. We will denote this variety by PXM.
Remark that the identities imply, in particular, that the operations d and c are group homomorphisms A → A, for any
algebra (A, d, c) ∈ PXM.
With any Ω -group (A, d, c) ∈ PXM is associated the precrossed module P(A, d, c) = (K [d], I [d], c), where the
action is given by
gk = gkg−1,
for k ∈ K [d], g ∈ I [d]. Conversely, with a precrossed module (C,G, ∂) is associated the Ω -group (G n C, d, c),
where d(g, c) = (g, 1) and c(g, c) = (g∂(c), 1), and the product in G n C is given by (g, c)(g′, c′) = (gg′, cgc′).
Via this equivalence P : PXM → PXMod, the category XMod corresponds to the subvariety of PXM of all Ω -
groups (A, d, c) which satisfy [K [d], K [c]] = 1, where this last commutator is the ordinary commutator of groups.
In fact, this equivalence is often presented as an equivalence between PXMod and RG(Gp), the category of
reflexive graphs in Gp (see, e.g., [16] or [17]). It is readily seen that PXM is equivalent to RG(Gp).
Similarly, the categories of precrossed rings and of crossed rings are equivalent to the category RG(Rng) of
reflexive graphs in Rng and to the category Gpd(Rng) of groupoids in Rng, respectively [16]. Similar equivalences
exist also in the case of commutative algebras, as discussed in [19].
We will now prove that the Peiffer commutator of precrossed modules is a particular case of the commutator defined
in Definition 1.1; namely, the case where A is PXM and B is XM.
It is easily observed that, for any (A, d, c) ∈ PXM, K [d] = {a−1d(a) | a ∈ A} and K [c] = {a−1c(a) | a ∈ A}.
Consequently, in this case, the group W is generated by all terms of the same form as
v0(x, y) = x−1d(x)y−1c(y)d(x)−1xc(y)−1y.
It is also readily seen that, via the equivalence P , precrossed submodules correspond to subgroups and normal
precrossed submodules to ideals.
Proposition 2.3. If A is PXM and B is XM then the commutator defined in Definition 1.1 corresponds to the Peiffer
commutator via the equivalence P : PXM ' PXMod.
Proof. Suppose (A, d, c) ∈ PXM. We have to prove that, far any two ideals (M, d, c) and (N , d, c) of (A, d, c),
P([(M, d, c), (N , d, c)]XM) = 〈P(M, d, c),P(N , d, c)〉.
By the universal properties of both commutators (see Proposition 1.2(5)) it suffices to prove that
[(M, d, c), (N , d, c)]XM = {1} if and only if 〈P(M, d, c),P(M, d, c)〉 = {1}.
Observe that for all k ∈ K [d] ∧ M and l ∈ K [d] ∧ N ,
〈k, l〉 = klk−1c(k)l−1c(k)−1 = k[l, k−1c(k)]k−1
and, similarly, 〈l, k〉 = l[k, l−1c(l)]l−1; here the square brackets denote ordinary group commutators. Since,
moreover,
K [c] ∧ M = {k−1c(k) | k ∈ K [d] ∧ M}
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and
K [c] ∧ N = {l−1c(l) | l ∈ K [d] ∧ N },
we have
〈P(M, d, c),P(N , d, c)〉 = 〈(K [d] ∧ M, I [d] ∧ M, c), (K [d] ∧ N , I [d] ∧ N , c)〉
= [K [d] ∧ N , K [c] ∧ M] ∨ [K [d] ∧ M, K [c] ∧ N ].
Suppose that [(M, d, c), (N , d, c)]XM = 1. We prove that [K [d] ∧ M, K [c] ∧ N ] = 1. Observe that
K [d] ∧ M = {m−1d(m) | m ∈ M}
and
K [c] ∧ N = {n−1c(n) | n ∈ N }.
Consequently, if we prove for all m ∈ M and n ∈ N that
v0(m, n) = m−1d(m)n−1c(n)d(m)−1mc(n)−1n = 1,
the result follows. Since v0 ∈ W , this follows from the assumption.
Conversely, suppose [K [d] ∧ N , K [c] ∧ M] ∨ [K [d] ∧ M, K [c] ∧ N ] = 1. Then, for every m ∈ M and n ∈ N ,
v0(mn) = v0(m1n1,m2n2)
= n1−1m1−1d(m1)d(n1)n2−1m2−1c(m2)c(n2)
× d(n1)−1d(m1)−1m1n1c(n2)−1c(m2)−1m2n2
= m1−1d(m1)(d(m1)−1m1n1−1m1−1d(m1)d(n1))
× (n2−1m2−1c(m2)n2)n2−1c(n2)d(n1)−1d(m1)−1m1
× n1c(n2)−1c(m2)−1m2n2
= m1−1d(m1)(n2−1m2−1c(m2)n2)
× (d(m1)−1m1n1−1m1−1d(m1)d(n1))n2−1c(n2)d(n1)−1
× d(m1)−1m1n1c(n2)−1c(m2)−1m2n2,
since
d(m1)−1m1n1−1m1−1d(m1)d(n1) ∈ K [d] ∧ N
and
n2−1m2−1c(m2)n2 ∈ K [c] ∧ M.
Then,
v0(mn) = m1−1d(m1)m2−1c(m2)(c(m2)−1m2n2−1m2−1c(m2)n2)
× (d(m1)−1m1)n1−1m1−1d(m1)d(n1)n2−1c(n2)d(n1)−1
× d(m1)−1m1n1c(n2)−1c(m2)−1m2n2
= m1−1d(m1)m2−1c(m2)(d(m1)−1m1)
× (c(m2)−1m2n2−1m2−1c(m2)n2)n1−1m1−1d(m1)d(n1)
× n2−1c(n2)d(n1)−1d(m1)−1m1n1c(n2)−1c(m2)−1m2n2,
since
c(m2)−1m2n2−1m2−1c(m2)n2 ∈ K [c] ∧ N and d(m1)−1m1 ∈ K [d] ∧ M.
Finally, since
m1−1d(m1) ∈ K [d] ∧ M and d(n1)n2−1c(n2)d(n1)−1 ∈ K [c] ∧ N ,
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and both
m2−1c(m2) ∈ K [c] ∧ M
and
n2n1−1d(n1)n2−1c(n2)d(n1)−1n1c(n2)−1 ∈ K [d] ∧ N ,
we have
v0(mn) = m1−1d(m1)m2−1c(m2)d(m1)−1m1c(m2)−1m2n2−1
×m2−1c(m2)n2n1−1(m1−1d(m1))(d(n1)n2−1c(n2)
× d(n1)−1)(d(m1)−1m1)n1c(n2)−1c(m2)−1m2n2
= m1−1d(m1)m2−1c(m2)d(m1)−1m1c(m2)−1m2n2−1
×m2−1c(m2)n2n1−1(d(n1)n2−1c(n2)d(n1)−1)
× n1c(n2)−1c(m2)−1m2n2
= m1−1d(m1)m2−1c(m2)d(m1)−1m1c(m2)−1m2n2−1
× (m2−1c(m2))(n2n1−1d(n1)n2−1c(n2)d(n1)−1n1c(n2)−1)
× (c(m2)−1m2)n2
= m1−1d(m1)m2−1c(m2)d(m1)−1m1c(m2)−1m2
× n2−1(n2n1−1d(n1)n2−1c(n2)d(n1)−1n1c(n2)−1)n2
= v0(m)v0(n).
Similarly, one proves that v0(mn) = v0(n)v0(m). Consequently, we also have v0(m)v0(n) = v0(n)v0(m).
Since d(v0(x)) = c(v0(x)) = 1, W is just the (ordinary) group generated by all terms of the same form as v0.
Hence, the identity v(mn) = v(m)v(n) follows from the identities above, for all v ∈ W (and all m ∈ M and n ∈ N ).
It remains to be shown that v(p) = 1, for all p ∈ M ∧ N . Again, it suffices to prove this identity in the case that
v = v0, but in this case it is clear. 
Note that combining the previous proposition with Proposition 2.2 yields the following result: an extension
(K , S, ∂) → (A,G, ∂) of precrossed modules is an XMod-central extension if and only if the Peiffer commutator
〈(K , S, ∂), (A,G, ∂)〉 is {1}. For precrossed modules over a fixed group G, a similar result was obtained in [5], as a
particular case of a more general theorem.
Note also that
v0(x, y) = v0((x, 1)(1, y))v0(1, y)−1v0(x, 1)−1 = cv0((x, 1), (1, y))
implies that condition 2 of Proposition 1.5 is satisfied in the case where A = PXM and B = XM. As a corollary, we
find that the Peiffer commutator is preserved by surjective images. This, of course, is nothing new.
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